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a b s t r a c t

This study proposes a novel chaotic quantum behaved particle swarm optimization algo-
rithm for solving nonlinear system of equations. Different chaotic maps are introduced to
enhance the effectiveness and robustness of the algorithm. Several benchmark studies are
carried out. Logistic map gives the best results and is utilized in solving nonlinear equation
sets. Nine well known problems are solved with our algorithm and results are compared
with Quantum Behaved Particle Swarm Optimization, Intelligent Tuned Harmony Search,
Gravitational Search Algorithm and literature studies. Comparison results reveal that the
proposed algorithm can cope with the highly non-linear problems and outperforms many
algorithms which exist in the literature.

© 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Solving nonlinear sets of equations is a hard and tedious task as these kind of problems appear in many real-world ap-
plications. Economics [1], chemistry [2], physics [3–6] are some of the examples of scientific areas applied to solve these
type of equations. Newton-type methods which are a conventional procedure for solving system of nonlinear equations
are derivative based and depend on the sensitivity of the initial value. These are the main drawbacks of Newton’s method
since some of the derivatives do not come into existence and wrong initial guesses will lead to unexpected results. Bader [7]
claimed that the Newton–Raphsonmethod is incapable of solving a large scale system due to its highmemory requirements.
Bader [7] also proposed a tensormethod utilizing Krylov subspacemethods for solving nonlinear sets. Two different solution
strategies called interval and continuation methods have been proposed for this task. Interval methods [8–18] are robust
and tend to slow [19]. Continuation methods [20,21] are more effective for problems which has lower total degrees [19].
Plenty of research activities devoted to a successful solution on this problem have been made, however there is still room
to improve existing studies.

New approaches on this issue arise frommetaheuristic applications. Karr et al. [22] hybridized the Genetic algorithm and
Newton’s method for solving a nonlinear system of equations. The local search procedure is maintained by the Genetic algo-
rithmwhich supplies initial values of Newton’s method.Wang et al. [23] proposed amodified particle swarm equation with
controller to improve the search dynamics of traditional PSO. Ouyang et al. [24] hybridized the Nelder–Mead algorithmwith
Particle Swarm Optimization to solve systems of nonlinear equations. Selection of good initial values of the Nelder–Mead
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algorithm is supplied by the particle swarmmethodwhich suffers from being trapped by local minima. Jia and He [25] com-
bined Artificial Bee Colony with Particle Swarm Optimization to improve the effectiveness of the search mechanism. Yang
et al. [26] hybridized the Hooke–Jeeves algorithmwith the Glow-worm SwarmOptimization algorithm to speed up the local
search procedure. Results showed that themodified algorithm has high convergence rate and accuracy for solving nonlinear
equations. Hirsch et al. [27] proposed the Continuous Greedy Randomized Adaptive Search Procedure (C-GRASP) for solv-
ing nonlinear set of equations. Mo et al. [28] postulated Conjugate Direction Particle Swarm Optimization (CDPSO) which
introduces the conjugate direction method into particle swarm optimization in order to enhance the ability of solving high
dimensional optimization problems. Toutounian et al. [29] proposed a hybrid scheme which combines the Electromagnetic
Metaheuristic method with the finite difference version of the Newton–GMRES method. Sacco and Henderson [30] intro-
duced a novel search strategy that combines Luus–Jaakola random search with Fuzzy Clustering Means. Promising solution
areas are obtained by this procedure and theNelder–Mead algorithm is applied on these areas to reach an optimum solution.
Moreover, the Genetic algorithm [31–35], Evolutionary algorithm [36,37], Firefly algorithm [38], Artificial Bee Colony algo-
rithm [39], Invasiveweed optimization [40], Imperialist competitive algorithm [41] and Particle SwarmOptimization [42,43]
are also utilized for sorting out nonlinear systems of equations.

There is an increased interest on advances in applications of nonlinear dynamics, generally, on the use of chaos in op-
timization algorithms. Randomly generated chaotic sequences have been incorporated with majority of the metaheuris-
tics to upgrade the probing potential of the mentioned algorithms such as Bee Colony algorithm [44], Bat algorithm [45],
Harmony search [46], Krill Herd algorithm [47], Firefly algorithm [48], Imperialist competitive algorithm [49], Genetic al-
gorithms [50], Simulated annealing [51], Ant colony optimization [52,53], Big Bang–Big Crunch algorithm [54] and Particle
swarm optimization [55–60]. In order to solve this high dimensional optimization problem, we propose the Chaotic Quan-
tum behaved Particle Swarm Optimization method. We used different chaotic maps to replace random parameters which
exist in QPSO. In this way, different pseudorandom number sequences have been generated and search capacity of the algo-
rithm has increased. To test the effectiveness of the proposed algorithms, we applied some benchmark functions including
Colville, Schaffer, Griewank, Rastrigin, Dropwave and Rosenbrock functions. Chaotic map which gives the best results will
be selected and utilized in solving nonlinear system of equations.

System of non linear equations can be described as

f1(x1, x2, x3, . . . , xn) = 0.0
f2(x1, x2, x3, . . . , xn) = 0.0

...

fm(x1, x2, x3, . . . , xn) = 0.0,

(1)

where fi, i = 1, 2, . . . ,m is a nonlinear equation system and X = (x1, x2, . . . , xn) is the unknown solution vector. The
problem is transformed into optimization given as

Minimize F(X) =

 m
i=1

fi2. (2)

The paper is organized as follows. Section 2 describes Particle SwarmandQuantumbehaved Particle SwarmOptimization
methods, Section 3 introduces the chaoticmapswhich exist in the literature, Section 4 gives the CQPSOmethod proposed for
solving the system of equations, in Section 5 numerical tests are studied and Section 6 gives the conclusion of this research.

2. Particle swarm optimization

2.1. Basics of particle swarm optimization

Particle Swarm Optimization [61] is a population based algorithm constructed on swarm behaviour of fish schooling and
bird flocking to find an optimum solution of a problem. The algorithm has some similarities with Genetic algorithms and ant
algorithms; however it is much simpler since it does not need crossover or mutation operator [62]. Each candidate solution
named as ‘‘particle’’ flies around the solution space and lands on the optimal position. Particles in the swarm adjust their
position by their own experience and experience of neighbouring particles (agents). Each agent has a memory which keeps
track of its previous best position Pbest with its respective fitness value. Agentwith the best fitness value in the swarm is called
Global best Gbest which holds the optimum solution for this generation. Assume a swarm with N dimensional population
with D dimensional particles. Position and velocity vectors of the ith particle is represented with xi = (xi1, xi2, . . . , xiD) and
vi = (vi1, vi2, . . . , viD)where i = 1, 2, 3, . . . ,N . Position and velocity update are maintained by

vk+1
i = wkvki + cir1(Pk

bi − xki )+ c2r2(Pk
g − xki ) (3)

xk+1
i = xki + vk+1

i , (4)
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wherew is inertia weight described as

wk
= wmax −


wmax − wmin

kmax


k, (5)

where wmax = 0.9 and wmin = 0.4 [63] and kmax is the maximum number of iterations (generation) and k is the current
iteration (generation); c1 = 2.0 and c2 = 2.0 are the cognitive and social parameters; r1 and r2 are uniformly distributed
random numbers generated between 0.0 and 1.0; Pbi stands for the best position found until generation k and Pg represents
the best position in the swarm at generation k. The pseudocode for the traditional PSO algorithm is given as follows:

Step 1 Initialize each particle in the swarm with random values.
Step 2 Calculate the fitness value of each particle.
Step 3 Update velocity and position of the particle according to (3) and (4).
Step 4 Compare the fitness value of each particle with its respective Pbest . If corresponding fitness value is better than

previous Pbest , then update Pbest . If current Pbest is better than Gbest than update Gbest .
Step 5 Repeat Step 3 and Step 4 until termination criterion is met.

2.2. Quantum behaved particle swarm optimization

Being trapped of local optima is the main drawback of the traditional PSO algorithm. Quantum behaved Particle Swarm
Optimization (QPSO) was proposed by Sun et al. [64,65] to avoid these disadvantages. In QPSO, movements of the particles
are completely different. Newtonian principles are invalid in quantum world as velocity and position update cannot be
determined simultaneously. New state of the particle is determined by wave function ψ(x, t) [66]. Also there exists |ψ |

2

which is the probability density function of the position of the particle [67]. Trajectory analyses in [68] showed that
convergence of the PSO algorithm is provided if each particle in the swarm converges to its local attractor defined as

pki,j =

φPk

i,j + (1.0 − φ)Pk
g,j


(6)

where i = 1, 2, 3, . . . ,N and j = 1, 2, . . . ,D;φ = (c1rk1)/(c1r
k
1 + c2rk2)with corresponding uniformly distributed numbers

of r1 and r2. c1 and c2 are cognitive and social parameters as described in the PSO section. With the concept of Monte Carlo,
new position of the particle is determined by the following equations [69–71]

xki,j = pi,j + β|Mbest,i − xki,j| ln 1/u if rnd ≥ 0.5 (7)

xki,j = pi,j − β|Mbest,i − xki,j| ln 1/u if rnd ≤ 0.5

where xi,j is the position of the jth dimension of the ith particle; β is a contraction–expansion coefficient [65] which can be
tuned to accelerate the convergence of the algorithm; u and rnd are uniformly distributed random numbers between 0.0
and 1.0; pi,j is the local attractor defined in (6);Mbest is the mean of the Pbest position of particles in the swarm.Mbest can be
formulated as

Mk
best = (Mk

best,1,M
k
best,2, . . . ,M

k
best,j, . . . ,M

k
best,D)

=


1
N

N
i=1

Pk
i,1,

1
N

N
i=1

Pk
i,2, . . . ,

1
N

N
i=1

Pk
i,j, . . . ,

1
N

N
i=1

Pk
i,D


. (8)

Pseudocode of the QPSO algorithm is explained as follows [71–73]

Step 1 Initialize particles in the population with random position vectors.
Step 2 Evaluate the fitness of each particle.
Step 3 CalculateMbest vector according to (8).
Step 4 Compare the fitness of each particle with Pbest value. If current fitness value is better than Pbest then set current fitness

value to Pbest value and apply Pbest as a current location in D-dimensional space.
Step 5 Compare Pbest values with Gbest . If Pbest values are better then Gbest , replace Gbest with current Pbest .
Step 6 Update the position of the particles according to (7).
Step 7 Repeat Step 2 to Step 6 until termination criteria is met.

3. Chaotic maps

Chaos is a deterministic and random-like process exists in non linear and dynamical systems, depends on the initial con-
ditions and includes infinite periodic motions [74]. Many researchers [75–81] combined chaotic systems with optimization
algorithms to enhance the search efficiency and prevent from premature convergence to local minima. Due to the non-
repetition of the chaos, search speed of the chaotic algorithms are generally faster than stochastic ones. In this section, one
dimensional and non-invertible maps are used to build up chaotic sequences. Here we offer some well known chaotic maps
found in the literature.
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3.1. Chebyshev map

Chebyshev map is represented as [82]
xt+1 = cos (t arccos(xt)) . (9)

3.2. Circle map

Circle map is defined as the following representative equation [83]
xt+1 = xt + b − (a − 2π) sin(2πxt) mod (1), (10)

where a = 0.5 and b = 0.2.

3.3. Gauss/mouse map

The Gauss map consists of two sequential parts defined as [84]

xt+1 =


0, if xt = 0.
1/xt , else mod (1), (11)

where 1
xt

mod (1) =
1
xt

− ⌊
1
xt

⌋.

3.4. Intermittency map

The intermittency map [85] is formed with two iterative equations and represented as

xt+1 =


ε + xt + cxnt , if 0 < xt 6 P.
xt − P
1 − P

, elseif P < xt < 1, (12)

where c =
1−ε−P

P2
, n = 2.0, and ε is very close to zero.

3.5. Iterative map

The iterative chaotic map with infinite collapses [86] is defined with the following as

xt+1 = sin

aπ
xt


, (13)

where a ∈ (0, 1).

3.6. Liebovitch map

The proposed chaotic map [82] can be defined as

xt+1 =


αxt , 0 < xt ≤ P1
P2 − xt
P2 − P1

, P1 < xt ≤ P2

1 − β(1 − xt), P2 < xt < 1,

(14)

where

α =
P2 (1 − (P2 − P1))

P1
(15a)

β =
((P2 − 1)− P1(P2 − P1))

P2 − 1
. (15b)

3.7. Logistic map

Logistic map [87] demonstrates how complex behaviour arises from a simple deterministic system without the need
of any random sequence. It is based on a simple polynomial equation which describes the dynamics of biological popula-
tion [88].

xt+1 = cxt(1 − xt), (16)
where x0 ∈ (0, 1), x0 ∉ {0.0, 0.25, 0.50, 0.75, 1.0} and when c = 4.0 a chaotic sequence is generated by the Logistic map.
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3.8. Piecewise map

Piecewise map [86] can be formulated as follows

xt+1 =



xt/P, 0 < xt < P
xt − P
0.5 − P

, P ≤ xt < 0.5

(1 − P − xt)
0.5 − P

, 0.5 < xt < 1 − P

(1 − xt)
P

, 1 − P < xt < 1,

(17)

where P ∈ (0, 0.5) and x ∈ (0, 1).

3.9. Sine map

Sine map [89] can be described as

xt+1 =
a
4
sin(πxt), (18)

where 0 < a ≤ 4.

3.10. Singer map

One dimensional chaotic Singer map [90] is formulated as

xt+1 = µ(7.86xt − 23.31x2t + 28.75x3t − 13.302875x4t ), (19)

where µ ∈ (0.9, 1.08).

3.11. Sinusoidal map

Sinusoidal map [88] is generated as the following equation

xt+1 = ax2t sin(πxt), (20)

where a = 2.3.

3.12. Tent map

Tent map [91] is defined by the following iterative equation

xt+1 =


xt/0.7, xt < 0.7
10
3
(1.0 − xt), xt ≥ 0.7.

(21)

4. Proposed chaotic quantum behaved particle swarm optimization

To improve the convergence ability of the QPSO algorithm, Coelho [72] proposed a novel chaotic quantum behaved par-
ticle swarm optimization approach based on Zaslavskii map [92]. In this work, uniformly distributed random parameters
were modified and replaced with chaotic sequences. In another work, Sun et al. [93] introduced Gaussian distributed local
attractor point. In this method, an originally defined local attractor point was selected as mean of the distribution and stan-
dard deviation of the distribution is chosen as the distance between the mean best and personal best particle. New local
attractor point was formulated as

npki,j = N(pki,j,M
k
best − Pk

i ). (22)

In our study, we combine these two novel strategies and offer a new position update procedure described as in Algorithm 1,
where the mutation rate is defined as in [94]

pkm = 0.4

1 −

k
kmax


. (23)
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Algorithm 1 Proposed perturbation scheme
if r > pkm then

xki,j = npki,j + β|Mbest,j − xki,j| ln(
1
u ) if rnd ≥ 0.5

xki,j = npki,j − β|Mbest,j − xki,j| ln(
1
u ) if rnd < 0.5

else
xki,j = npki,j + β|Mbest,j − xki,j| ln(

1
ϕi,j
) if rnd ≥ 0.5

xki,j = npki,j − β|Mbest,j − xki,j| ln(
1
ϕi,j
) if rnd < 0.5

end if

In (23) k is the current iteration and kmax is the maximum iteration number. β is a controllable contraction–expansion
coefficient as proposed in [95]

β = β0 + ((kmax − k)(β1 − β0)/kmax), (24)

where β0 and β1 are set to 1.0 and 0.5, respectively. u, r and rnd are uniformly distributed randomnumbers between 0.0 and
1.0. ϕi,j is the chaotic variable as proposed in [72]. We aim to improve the quality of the solution by using different chaotic
maps introduced in Section 3. We compare the success rate of each chaotic map and a chaotic map which gives the best
results is chosen to be utilized in our algorithm. Our proposed algorithm is benchmarked with well known test functions.
These functions are listed in Table 1. The algorithm is run for 100 times for each chaoticmap andmaximum iteration is set to
3000. From our past experiences, when population size is between 20 and 30, the algorithm converges faster so we suggest
N = 25 for population size. To evaluate performance of each chaotic map, a success rate is defined as

Sr = 100
Nsuccessful

Nall
, (25)

where Nall is the number of all trials (which is equal to 100 for this study) and Nsuccessful shows the number of solutions which
are found to be successful. Successful run criteria is offered as

|X∗
− Xglobalopt | ≤ (UB − LB)× 10−5. (26)

X∗ is the global best solution obtained by the proposed algorithm; Xglobalopt is the global optimumof the benchmark function;
UB and LB represent upper and lower bounds of search space. Tables 2–7 gives the statistical results for different chaotic
maps. Success rates of the chaotic maps are presented in Table 8. As seen in Table 8, however all chaotic maps fail to find
global optimum of the Rosenbrock function, the best performance is shown by the Logistic map. Fig. 1 gives the sequence
of 500 points generated in the Logistic map.

5. Numerical tests

Nine different benchmark problems for a nonlinear system of equations are utilized to test the effectiveness of the
proposed algorithm. 100 consecutive algorithm runs are performed for each case study and best results are compared
with obtained solutions of Quantum behaved Particle Swarm Optimization (QPSO) [64,65], Gravitational Search algorithm
(GRAV) [96], Intelligent TunedHarmony Search algorithm [97] and literature studies. For each algorithm,maximumnumber
of iterations (generation) is set to 8000. Considered values for parameters used in ITHS are harmony memory size = 20 and
harmonymemory consideration rate = 0.95; in GRAV are population size= 20; in QPSO are cognitive factor (c1) and social
factor (c2). Parameters used in our proposed algorithm (L-QPSO) are the same as used in the QPSO algorithm. Algorithm
runs were performed in Java and executed on Intel Core with 2.50 GHz CPU and 6.0 GB RAM. The statistical results in terms
of minimum value, standard deviation value, mean deviation value and maximum value for each algorithm for each case
study are reported in Table 9. Table 9 shows the accuracy and robustness of the proposed algorithm since it outperforms
other algorithms in most of cases with regard to the minimum objective function values.

5.1. Case study 1

The problem has been studied by many researchers [98–100] before. The non linear set is defined as

2x1 + x2 + x3 + x4 + x5 = 0.0
x1 + 2x2 + x3 + x4 + x5 = 0.0
x1 + x2 + 2x3 + x4 + x5 = 0.0
x1 + x2 + x3 + 2x4 + x5 = 0.0
x1x2x3x4x5 − 1.0 = 0.0,

(27)

where −2 ≤ xi ≤ 2, i = 1, 2, . . . , 5. Table 10 gives the optimum results obtained by our proposed algorithm (L-QPSO)
and compares the results with other metaheuristic algorithms and literature studies. L-QPSO surpasses other algorithms
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Table 1
Benchmark functions used to test the performance of the algorithms.

Function name Definition Bounds Optimum

Colville f (x) = (x21 − x2)2 + (x1 − 1)2 + (x3 − 1)2 + 90.0(x23 − x4)2 +

10.1

(x3 − 1)2 + (x4 − 1)2


+ (19.8(1.0/x2)(x4 − 1.0))

xi ∈ [−10, 10]4 0.0

Schaffer f (x) = 0.5 +

sin2
N

i=1 x2i


−0.5

1.0+0.001
N

i=1 x2i

2 xi ∈ [−100, 100]30 0.0

Griewank f (x) =
N

i=1
x2i

4000 −
N

i=1 cos


xi√
i


+ 1.0 xi ∈ [−600, 600]30 0.0

Rastrigin f (x) = 10N +
N

i=1


x2i − 10cos(2πxi)


xi ∈ [−5.12, 5.12]30 0.0

Dropwave f (x) = −

1+cos

12
N

i=1 x2i


2+0.5

N
i=1 x2i

xi ∈ [−5.12, 5.12]40 −1.0

Rosenbrock f (x) =
N−1

i=1


100(x2i − xi+1)+ (xi − 1)2


xi ∈ [−2.048, 2.048]40 0.0

Table 2
Statistical results for the Colville function for different chaotic maps (D = 4).

Best Mean dev. Median Worst Std. dev.

Bernoulli map 0.0 0.490236134 3.5659683E−23 3.676000135 1.24955949
Chebyshev map 0.0 1.470400054 1.9514631E−28 3.676000135 1.80008649
Circle map 2.292627005E−31 1.017091114 1.1692355E−31 3.676000135 1.64118588
Gauss map 3.989085941E−27 0.736982038 6.0104385E−17 3.676000135 1.46954001
Intermittency map 5.256469377E−18 0.105753149 9.8658053E−12 1.719880324 0.31989648
Iterative map 0.0 1.105487375 1.8885926E−13 3.676000135 1.68284624
Liebovitch map 0.0 0.919182294 1.8112336E−26 3.676000135 1.59164976
Logical map 0.0 6.9120900E−4 1.4074886E−19 0.010746897 0.00250243
Piecewise map 0.0 1.0675576817 9.5843839E−19 3.676000135 1.66836634
Sine map 9.502815428E−23 0.3670001377 1.1488826E−18 3.676000135 1.10280004
Singer map 1.472951221E−30 1.2085120997 1.4652627E−18 16.09334654 2.37072769
Sinusoidal map 1.919291170E−24 0.1265737089 8.0008974E−16 3.676000135 0.65924158
Tent map 0.0 0.3679444317 5.3261983E−21 3.676000135 1.10268670

Table 3
Statistical results for the Schaffer function for different chaotic maps (D = 30).

Best Mean dev. Median Worst Std. dev.

Bernoulli map 0.0 0.0 0.0 0.0 0.0
Chebyshev map 0.0 9.429406E−5 0.0 0.01225822 0.00107097
Circle map 0.0 0.0 0.0 0.0 0.0
Gauss map 0.0 0.0 0.0 0.0 0.0
Intermittency map 0.0 0.0 0.0 0.0 0.0
Iterative map 0.0 0.0 0.0 0.0 0.0
Liebovitch map 0.0 0.0 0.0 0.0 0.0
Logical map 0.0 0.0 0.0 0.0 0.0
Piecewise map 0.0 0.0 0.0 0.0 0.0
Sine map 0.0 0.0 0.0 0.0 0.0
Singer map 0.0 1.9609755E−6 0.0 7.82234358E−5 1.0940729E−5
Sinusoidal map 0.0 0.0 0.0 0.0 0.0
Tent map 0.0 0.0 0.0 0.0 0.0

Table 4
Statistical results for the Griewank function for different chaotic maps (D = 30).

Best Mean dev. Median Worst Std. dev.

Bernoulli map 0.0 0.0 0.0 0.0 0.0
Chebyshev map 0.0 0.0 0.0 0.0 0.0
Circle map 0.0 0.006047 0.0 0.07843011 0.0161414
Gauss map 0.0 0.0 0.0 0.0 0.0
Intermittency map 0.0 0.0 0.0 0.0 0.0
Iterative map 0.0 0.0 0.0 0.0 0.0
Liebovitch map 0.0 0.0 0.0 0.0 0.0
Logical map 0.0 0.0 0.0 0.0 0.0
Piecewise map 0.0 0.0 0.0 0.0 0.0
Sine map 0.0 0.0 0.0 0.0 0.0
Singer map 0.0 0.0363053 0.0 0.44072011 0.10933143
Sinusoidal map 0.0 0.0 0.0 0.0 0.0
Tent map 0.0 0.0 0.0 0.0 0.0
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Table 5
Statistical results for the Rastrigin function for different chaotic maps (D = 30).

Best Mean dev. Median Worst Std. dev.

Bernoulli map 0.0 0.0 0.0 0.0 0.0
Chebyshev map 0.0 0.0 0.0 0.0 0.0
Circle map 0.0 0.0 0.0 0.0 0.0
Gauss map 0.0 0.0 0.0 0.0 0.0
Intermittency map 0.0 0.0 0.0 0.0 0.0
Iterative map 0.0 0.0 0.0 0.0 0.0
Liebovitch map 0.0 0.0 0.0 0.0 0.0
Logical map 0.0 0.0 0.0 0.0 0.0
Piecewise map 0.0 0.0 0.0 0.0 0.0
Sine map 0.0 0.0 0.0 0.0 0.0
Singer map 0.0 0.0020835 0.0 0.0720111 0.00940741
Sinusoidal map 0.0 0.0 0.0 0.0 0.0
Tent map 0.0 0.0 0.0 0.0 0.0

Table 6
Statistical results for the Dropwave function for different chaotic maps (D = 40).

Best Mean dev. Median Worst Std. dev.

Bernoulli map 0.0 0.0 0.0 0.0 0.0
Chebyshev map 0.0 0.0 0.0 0.0 0.0
Circle map 0.0 0.0 0.0 0.0 0.0
Gauss map 0.0 0.0 0.0 0.0 0.0
Intermittency map 0.0 0.0 0.0 0.0 0.0
Iterative map 0.0 0.0 0.0 0.0 0.0
Liebovitch map 0.0 0.0 0.0 0.0 0.0
Logical map 0.0 0.0 0.0 0.0 0.0
Piecewise map 0.0 0.0 0.0 0.0 0.0
Sine map 0.0 0.0 0.0 0.0 0.0
Singer map 0.0 0.0020835 0.0 0.0720111 0.00940741
Sinusoidal map 0.0 0.0 0.0 0.0 0.0
Tent map 0.0 0.0 0.0 0.0 0.0

Table 7
Statistical results for the Rosenbrock function for different chaotic maps (D = 40).

Best Mean dev. Median Worst Std. dev.

Bernoulli map 38.768427207 38.904376523 38.96440991 38.98012190 0.0924442267
Chebyshev map 38.767855546 38.930365080 38.97303293 38.98701457 0.0850291621
Circle map 38.770899007 38.913226681 38.96436054 38.98021885 0.0878102193
Gauss map 38.768982668 38.921835351 38.96196331 38.97591042 0.0792199891
Intermittency map 38.091997298 38.194193596 38.10219453 38.74926668 0.2236883141
Iterative map 38.771082584 38.919303291 38.96804147 38.98018380 0.0859967762
Liebovitch map 38.759391245 38.901099963 38.96902508 38.98249237 0.0967058727
Logical map 38.109041115 38.214326174 38.36118870 38.46459314 0.0563424485
Piecewise map 38.769807141 38.878652462 38.95164117 38.97854176 0.0982611122
Sine map 38.100597145 38.502613498 38.75277532 38.96222206 0.3169210387
Singer map 38.771109747 38.941826339 38.96287042 38.98582087 0.0516342961
Sinusoidal map 38.100514213 38.941826332 38.75578333 38.95904437 0.3124624025
Tent map 38.482940459 38.840641014 38.77110420 38.97624045 0.1093704136

Table 8
Success rates of each chaotic map.

Collvile Schaffer. Griewank Rastrigin Dropwave Rosenbrock

Bernoulli map 73 100 100 100 100 0
Chebyshev map 59 99 100 100 100 0
Circle map 66 100 82 100 100 0
Gauss map 79 100 100 100 100 0
Intermittency map 63 100 100 100 100 0
Iterative map 56 100 100 100 100 0
Liebovitch map 62 100 100 100 100 0
Logical map 89 100 100 100 100 0
Piecewise map 67 100 100 100 100 0
Sine map 87 100 100 100 100 0
Singer map 61 94 71 83 74 0
Sinusoidal map 83 100 100 100 100 0
Tent map 81 100 100 100 100 0
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Fig. 1. Evolution of the Logistic map.

Fig. 2. Convergence history of the algorithms for case study 1.

since it has converged to the optimum solution after 147 iterations while others have not converged within 200 iterations
as depicted in Fig. 2.

5.2. Case study 2

The non linear equation set which was studied by Krzyworzcka [101] and Jaberipour et al. [42] is solved by our proposed
algorithm. Table 11 compares the optimum results and Fig. 3 serves the convergence history of the cost function. L-QPSO
converges to the optimum solution within 1500 iterations whereas others cannot reach the optimum after 2000 iterations

x1 +
x42x4x6

4
+ 0.75 = 0.0

x2 + 0.405 exp(1 + x1x2)− 1.405 = 0.0

x3 −
x4x6
2

+ 1.5 = 0.0

x4 − 0.605 exp(1 − x23)− 0.395 = 0.0

x5 −
x2x6
2

+ 1.5 = 0.0

x6 − x1x5 = 0.0.

(28)

5.3. Case study 3

A system of four equation sets [102,103] is solved by our proposed algorithm and other algorithms. Best results and
convergence history of this case study are shown in Table 12 and Fig. 4, respectively. All algorithms (except GRAV) obtained
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Fig. 3. Convergence history of the algorithms for case study 2.

Fig. 4. Convergence history of the algorithms for case study 3.

the global best solution for this case, however, L-QPSO reaches optimum after 113 iterations and surpasses other algorithms
in terms of convergence speed.

xi − cos


2xi −

4
j=1

xj


= 0, 1 ≤ i ≤ 4. (29)

5.4. Case study 4

Neurophysiology application [21,36,41] is utilized to test the effectiveness and robustness of our algorithm. Problem
consists of six nonlinear equations described as

x21 + x23 − 1.0 = 0.0

x22 + x24 − 1.0 = 0.0

x5x33 + x6x34 = c1

x5x31 + x6x32 = c2

x5x1x23 + x6x24x2 = c3

x5x21x3 + x6x22x4 = c4,

(30)

where −10 ≤ xi ≤ 10, 1 ≤ i ≤ 6. In this equation set, ci values are randomly chosen. These values are set to 0.0 in this
study for the sake of simplicity. Table 13 compares the best results found in [36,41] and other algorithmswith our algorithm.
L-QPSO and QPSO algorithms obtained two different optimum solutions. Some of the solutions they acquired are reported
in Table 13. Fig. 5 shows the convergence history of the proposed algorithm. Our proposed algorithm, L-QPSO, has reached
the global best solution after 747 iterations.
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Table 11
Best results for case study 2.

LQPSO QPSO ITHS GRAV

x1 −1.0000007185712 −1.06006024401217 −1.00469360193614 −0.94769257629329
x2 1.00000045091713 1.03789221092740 1.002699552010811 0.95991034374004
x3 −0.9999992090087 −0.96490791149742 −0.99763045117792 −1.03187245704251
x4 1.00000957562795 1.04304617226693 1.002704645251826 0.96116900972767
x5 −0.99999966616156 −0.96783925322234 −0.99763694114471 −1.03086507223002
x6 1.000000474541353 1.02588330512720 1.00262777388871 0.97633630789931

f1 9.037302239889E−8 0.36034275521E−3 −0.63374448056E−3 0.00149483833089
f2 −2.27255014806E−8 −0.73227698937E−3 −0.28872794332E−3 −0.0018160678696
f3 7.493891107651E−8 0.07026119979E−3 −0.30021434625E−3 −0.0010845581545
f4 4.63049154575E−10 −0.14208871243E−3 −0.16590037166E−3 −0.00089244886256
f5 −1.28890915052E−7 −0.21739907838E−3 −0.30415100062E−3 0.00053726730918
f6 8.980881838205E−8 −0.08460980828E−3 0.30832206541E−3 −0.00060686822131

Table 12
Best results for case study 3.

LQPSO QPSO ITHS GRAV Sharma and
Arora [103]

x1 0.5149332646611294 0.514933264661129 0.514933264661129 0.514931340034248 0.51493326466112941
x2 0.5149332646611294 0.514933264661129 0.514933264661129 0.514934600978757 0.51493326466112941
x3 0.5149332646611294 0.514933264661130 0.514933264661129 0.514923716523520 0.51493326466112941
x4 0.5149332646611294 0.514933264661129 0.514933264661129 0.514944432722957 0.51493326466112941

f1 0.0000000000000000 0.0000000000000000 0.0000000000000000 0.225940766129E−5 0.0000000000000000
f2 0.0000000000000000 0.0000000000000000 0.0000000000000000 −0.00704139425E−5 0.0000000000000000
f3 0.0000000000000000 0.0000000000000000 0.0000000000000000 0.770620340042E−5 0.0000000000000000
f4 0.0000000000000000 0.0000000000000000 0.0000000000000000 −0.70946910128E−5 0.0000000000000000

Fig. 5. Convergence history of the algorithms for case study 4.

5.5. Case study 5

Interval arithmetic problem [12,36,104–106] is considered as the benchmark problem. The problem is modelled as

x1 − 0.25428722 − 0.18324757x4x3x9 = 0.0
x2 − 0.37842197 − 0.16275449x1x10x6 = 0.0
x3 − 0.27162577 − 0.16955071x1x2x10 = 0.0
x4 − 0.19807914 − 0.15585316x7x1x6 = 0.0
x5 − 0.44166728 − 0.19950920x7x6x3 = 0.0
x6 − 0.14654113 − 0.18922793x8x5x10 = 0.0
x7 − 0.42937161 − 0.21180476x2x5x8 = 0.0
x8 − 0.07056438 − 0.17081208x1x7x6 = 0.0
x9 − 0.34504906 − 0.19612740x10x6x8 = 0.0
x10 − 0.42651102 − 0.21466544x4x8x1 = 0.0.

(31)
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Table 14
Best results for case study 5.

LQPSO QPSO ITHS GRAV Grosan and
Abraham [36]

Oliveira and
Petraglia [106]

x1 0.25783339370050357 0.25783339370050357 0.254686410312621 0.257839946926554 0.0464905115 0.2578333937005036
x2 0.38109715460280674 0.38109715460280674 0.378523004753339 0.381079261668136 0.1013568357 0.3810971546028067
x3 0.27874501734644036 0.27874501734644036 0.276525468374490 0.278737809172705 0.0840577820 0.2787450173464404
x4 0.20066896422534358 0.20066896422534358 0.201804033260634 0.200676775829179 −0.1388460309 0.2006689642253436
x5 0.44525142484104163 0.44525142484104163 0.443869219215441 0.445251560409610 0.4943905739 0.4452514248410416
x6 0.14918391996935457 0.14918391996935457 0.147985685015705 0.149185582343140 −0.0760685163 0.1491839199693546
x7 0.43200969898372027 0.43200969898372027 0.432376554488803 0.432006811493179 0.2475819110 0.4320096989837203
x8 0.07340277777624865 0.07340277777624865 0.069871690818600 0.073403712784558 −0.0170748156 0.07340277777624865
x9 0.34596682687555431 0.34596682687555431 0.349297348759015 0.345965056291278 0.0003667535 0.3459668268755543
x10 0.42732627599329052 0.42732627599329052 0.432318039408281 0.427333090362260 0.1481119311 0.4273262759932905

f1 0.00000000000000000 0.00000000000000000 −0.003172703109397 0.065250354895E−4 0.2077959240 3.295974604355E−17
f2 0.00000000000000000 0.00000000000000000 −0.002550893777805 −0.180334006456E−4 0.2769798846 −7.285838599102E−17
f3 0.00000000000000000 0.00000000000000000 −0.002166747254159 −0.071683799276E−4 0.1876863212 3.122502256758E−17
f4 0.00000000000000000 0.00000000000000000 0.001185071568625 0.077342307299E−4 0.3367887114 3.599551212651E−17
f5 0.00000000000000000 0.00000000000000000 −0.001328103066942 0.002122703812E−4 0.0530391321 −3.64291929955E−17
f6 0.00000000000000000 0.00000000000000000 −0.001092587590357 0.015857612497E−4 0.2223730535 2.949029909160E−17
f7 0.00000000000000000 0.00000000000000000 0.000518467284375 −0.027980350751E−4 0.1816084752 6.071532165918E−17
f8 0.00000000000000000 0.00000000000000000 −0.003476285138268 0.008502088621E−4 0.0874896386 −0.607153216591E−17
f9 0.00000000000000000 0.00000000000000000 0.003371565377805 −0.018071372921E−4 0.3447200366 1.301042606982E−17
f10 0.00000000000000000 0.00000000000000000 0.005036117718070 0.067515256242E−4 0.2784227489 −2.526191061891E−17

Table 15
Best results for case study 6.

LQPSO QPSO ITHS GRAV Grosan and Abraham [36]

x1 0.590050131899 0.772231269942513 −0.481187883256480 −0.418714637584636 −0.0625820337 −0.1564353525
x2 0.807366609320 0.635092244414582 0.855827688882007 0.908150863302484 0.7777446281 0.4507122320
x3 −0.59005013189 0.772345476746086 0.489354396992578 −0.418496945673775 −0.0503725828 0.4622139796
x4 0.807366609320 0.635464640410570 0.856058114076982 0.908273850895166 0.3805368959 −0.8818348503
x5 −0.59005013189 −0.771984058288123 0.529021825853160 0.418286659161462 −0.5592587603 −0.6522824284
x6 0.942931949016 0.501630602442857 −0.413193459556378 −0.267011571005521 −0.6988338865 0.4082826235
x7 0.266895066252 0.016544744588547 −0.583759143369605 −0.589809505946614 0.3963927675 0.4718261386
x8 −1.22424777217 −1.199869634113995 −0.817013237700635 −0.998579648272644 0.0861763643 −0.5070478474

f1 2.22044604E−16 −0.000316706807422 −0.036017187950030 0.0599382446380E−3 0.3911967824 0.7723864643
f2 0.000000000000 −0.000140305634309 −0.028091241086912 −0.122315944674E−3 0.3925758963 0.5832167209
f3 0.000000000000 0.000332844662273 −0.027696779466991 0.1010817582113E−3 0.8526542737 0.0087255337
f4 0.000000000000 −0.000225304536866 0.012699586906051 −0.074882547608E−3 0.5424213097 0.2031050697
f5 −3.4000580E−16 0.000867394190697 −0.017478713588524 0.0652303303051E−3 0.7742116224 0.6056929403
f6 −6.0715321E−17 0.001365368860350 −0.064389984564789 0.0321280002644E−3 0.1537105718 0.3663682493
f7 0.000000000000 0.000799271797368 −0.008180482707589 −0.001702726915E−3 0.9116019977 0.3532359802
f8 1.11022302E−16 0.000532099949980 −0.056480815532868 0.0226792051423E−3 0.1519175234 0.4646334692

Table 14 gives the optimum results found by mentioned algorithms and literature studies. L-QPSO and QPSO algorithms
found the sameglobal best solutionwhereas L-QPSOhas served better convergence performance than other algorithms since
it has reached to optimum after 487 iterations while others did not converge even after 800 iterations as shown in Fig. 6.

5.6. Case study 6

The inverse position problem for a six-revolute joint problem application [19,30,36] is taken as the benchmark problem.
The problem can be described as

x2i + x2i+1 − 1.0 = 0.0

a1ix1x3 + a2ix1x4 + a3ix2x3 + a4ix2x4 + a5ix2x7 + a6ix5x8 + a7ix6x7 + a8ix6x8
+ a9ix1 + a10ix2 + a11ix3 + a12ix4 + a13ix5 + a15ix7 + a16ix8 + a17i = 0.0, (32)

where 1 ≤ i ≤ 4. 10 independent non dominated solutions are obtained from our calculations. Table 15 shows best of the
independent solutions obtained by L-QPSO, other algorithms and some of the non dominated solutions of Grosan and Abra-
ham [36]. The coefficients utilized in Eq. (32), aji, where 1 ≤ j ≤ 4 and 1 ≤ i ≤ 17 are given in Table 16. Fig. 7 shows
the convergence history of the aforementioned algorithms. As it is portrayed in Fig. 7, L-QPSO converges to the optimum
solution after 167 iterations.
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Table 16
Parameters for case study 6.

ai,j 1 2 3 4

1 −0.24915068 0.125016350 −0.63555007 1.48947730
2 1.609135400 −0.686607360 −0.11571992 0.23062341
3 0.27942343 −0.119228120 −0.66640448 1.32810730
4 1.43480160 −0.719940470 0.11036211 −0.25864503
5 0.00000000 −0.432419270 0.29070203 1.16517200
6 0.40026384 0.000000000 1.2587767 −0.26908494
7 −0.80052768 0.000000000 −0.62938836 0.53816987
8 0.000000000 −0.864838550 0.58140406 0.58258598
9 0.074052388 −0.037157270 0.19594662 −0.20816985

10 −0.083050031 0.035436896 −1.2280342 2.68683200
11 −0.38615961 0.085383482 0.000000000 −0.69910317
12 −0.75526603 0.00000000 −0.079034221 0.35744413
13 0.50420168 −0.039251967 0.026387877 1.24991170
14 −1.0916287 0.00000000 −0.05713143 1.46773600
15 0.00000000 −0.432419270 −1.1628081 1.16517200
16 0.04920729 0.0000000000 1.2587767 1.07633970
17 0.04920729 0.013873010 2.162575 −0.69686809

Fig. 6. Convergence history of the algorithms for case study 5.

5.7. Case study 7

This case [19,20,36,106] is interested in the combustion problem which occurred at a temperature of 3000 °C. The non
linear set consists of ten equations given as

x2 + 2x6 + x9 + 2x10 − 10−5
= 0.0

x3 + x8 − 3 × 10−5
= 0.0

x1 + x3 + 2x5 + 2x8 + x9 + x10 − 5 × 10−5
= 0.0

x4 + 2x7 − 10−5
= 0.0

0.5140437 × 10−7x5 − x21 = 0.0

0.1006932 × 10−6x6 − x21 = 0.0

0.7816278 × 10−15x7 − x24 = 0.0

0.1496236 × 10−6x8 − x1x3 = 0.0

0.6194411 × 10−7x9 − x1x2 = 0.0

0.2089296 × 10−14x10 − x1x22 = 0.0.

(33)

Nine different solutions are obtained by our proposed algorithm for this case study. Table 17 exposes the best result obtained
by our algorithm and other algorithms. Grosan and Abraham [25] found eight non dominated solutions for this problem.
Oliveira and Petraglia [106] acquired six different solutions using the fuzzy adaptive simulated annealing algorithm. Best
results of these studies are also added into Table 17. Fig. 8 shows convergence history of the case study 7. L-QPSO surpasses
other algorithms in terms of convergence speed as it has reached the optimum after 1478 iterations.
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Fig. 7. Convergence history of the algorithms for case study 6.

5.8. Case study 8

Benchmark problem [41,98,107] consists of eight non linear equations described as

4.731 × 10−3x1x3 − 0.3578x2x3 − 0.1238x1 + x7 − 1.637 × 10−3x2 − 0.9338x4 − 0.3571 = 0.0
0.2238x1x3 + 0.7623x2x3 + 0.2638x1 − x7 − 0.007745x2 − 0.6734x4 − 0.6022 = 0.0

x6x8 + 0.3578x1 + 4.731 × 10−3x2 = 0.0
−0.7623x1 + 0.2238x2 + 0.3461 = 0.0

x21 + x22 − 1.0 = 0.0

x23 + x24 − 1.0 = 0.0

x25 + x26 − 1.0 = 0.0

x27 + x28 − 1.0 = 0.0,

(34)

where −1 ≤ xi ≤ 1, i = 1, 2, . . . , 8. There are 16 known solutions for this problem as reported in [98]. Table 18 records
the best solutions obtained from L-QPSO, QPSO, GRAV, ITHS algorithms and other researchers. Fig. 9 gives the convergence
history of the case study 8. L-QPSO has reached the optimum solution after 219 iterations and surpasses other algorithms
concerning the convergence speed.

5.9. Case study 9

Sizing of a thin wall rectangle girder section [28,41,42,108,109] is considered as the benchmark problem. The problem
can be defined as

f1(x) = bh − (b − 2t)(h − 2t) = 165

f2(x) =
bh3

12
−
(b − 2t)(h − 2t)

12
= 9369

f3(x) =
2t(h − t)2(b − t)2

h + b − 2t
= 6835,

(35)

where b is the section width, h is the section height and t is the section thickness. The nonlinear system has multiple solu-
tions found by several researchers. Luo et al. [108] found six different non-dominated solutions with hybrid optimization of
chaos optimization and the quasi-Newtonmethod for this problemwhile Jaberipour et al. [42] found two different solutions
with their proposed Particle Swarm Optimization method. Abdollahi et al. [41] and Mo et al. [28] attained optimum solu-
tions of this problem utilizing Imperialist Competitive Algorithm and Conjugate Particle Swarm Optimization, respectively.
Table 19 illustrates the optimum results obtained from these studies, our algorithm and other algorithms. Fig. 10 shows the
convergence history of this problem. As seen in Fig. 10, L-QPSO has converged to optimum within 1503 iterations.

6. Conclusion

We offered a novel chaotic quantum behaved particle swarm optimization for solving nonlinear systems of equations.
The system of nonlinear set of equations was transformed into an optimization problem and twelve chaotic maps have been
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Table 19
Optimum results for case study 9.

b h t f1(x) f2(x) f3(x)

LQPSO 12.25651961037963 22.894938922662796 2.7898177367173895 165 9369 6835
QPSO 12.25667460849311 22.903035265500499 2.7849857955969321 165.1859 9369.0052 6834.9887
ITHS 8.915790281648581 23.291452604339380 12.885353223417773 165.8741 9366.4924 6831.8042
GRAV 12.26024390788173 22.775634683577675 2.857554308400358 167.5713 9362.2016 6836.7276
Abdollahi et al. [41] 8.943088778747601 23.271481879207862 12.912774291361677 165 9369 6835
Jaberipour et al. [42] 43.155566052654329 10.128950202278199 12.944048457756352 709.2412 9369 6835

−7.6029951984634 −24.541982377674 −11.576715672202 208.1851 9369 6835
Mo et al. [28] 8.943089 23.271482 12.912774 165 9369 6835
Luo et al. [108] 12.5655 22.8949 2.7898 166.7229 9369 6835

−12.5655 −22.8949 −2.7898 166.7229 9369 6835
8.943089 23.271482 12.912774 165 9369 6835

−8.943089 −23.271482 −12.912774 165 9369 6835
−2.3637 35.7564 3.0151 165 9369 6835
2.3637 −35.7564 −3.0151 165 9369 6835

Fig. 8. Convergence history of the algorithms for case study 7.

Fig. 9. Convergence history of the algorithms for case study 8.

investigated to improve the effectiveness of the algorithm. After numerical tests, the algorithm that used the Logistic map
gave the best results and utilized in our algorithm. Proposed algorithm is easy to implement and has capability of solving all
existing problems. By applying the Logistic map on our algorithm, we solved nine different nonlinear sets and compared our
results with the Gravitational Search Algorithm, Intelligent Tuned Harmony Search algorithm and literature approaches. In
all case studies, our solver found nearly all possible solutions with a minimum error and outperformed several literature
studies and mentioned optimization methods. For a future work, we plan to apply this algorithm on reliability–redundancy
problems.
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Fig. 10. Convergence history of the algorithms for case study 9.
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